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Abstract 

A notion of a mixed representation of quivers can be derived from ordinary 
quiver representation by considering the dual action of groups on “vertex” 
vector spaces together with their usual action. A generating system for the 
algebra of semi-invariants of mixed representations of a quiver is determined. 
This is done by reducing the problem to the case of bipartite quivers of a 
special form and using a function DP on three matrices, which is a mixture 
of the determinant and two pfaffians. 


1 Introduction 

Quiver representations appeared for the hrst time in na. The importance of this 
notion is due to the fact that the category of representations of a quiver is equivalent 
to the category of hnite dimensional modules over the path algebra associated with 
that quiver. Since any hnite dimensional basic algebra over an algebraically closed 
held is a factor-algebra of the path algebra of some quiver (see Chapter 3 of [n]), 
the set of hnite dimensional modules over such an algebra is a full subcategory of the 
category of representations of the quiver. A representation of a quiver consists of a 
collection of vector spaces, assigned to its vertices, and linear mappings between the 
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vector spaces “along” the arrows. A morphism of two representations of the same 
quiver is a collection of linear mappings between the vector spaces, assigned to the 
same vertices, which commute with the linear mappings of the representations. The 
set of quiver representations of a hxed dimension can be endowed naturally with 
the structure of a vector space and it is called the space of quiver representations of 
that dimension. Its group of automorphisms is a direct product of the general linear 
groups, acting on “vertex” spaces. Obviously, the orbits of this action correspond to 
the classes of isomorphic representations. If we compute generators of the algebra 
of invariants, then we can distinguish closed orbits, which correspond to semisimple 
represent at ions. 

At first this problem was solved in an important special case of a quiver with one 
vertex and several loops. Its representation space of dimension n coincides with a 
space of several nxn matrices on which GL{n) acts by diagonal conjugations. In the 
case of a held of characteristic zero, generators for the algebra can easily be found by 
means of the classical invariant theory (for details see, e.g., [20], page 257). Dehning 
relations between generators were described in [22] and [21]. In the case of positive 
characteristic, generators for the algebra of invariants were described in [9], and 
relations between them were established in [2S] • Both of these results are formulated 
in terms of coefficients ak in the characteristic polynomial of a matrix. Their proofs 
rely on the theory of modules with good hltration [8]. Subsequently methods from [9] 
and [26] were successfully applied to representations of any quiver [10] and [28]. In 
the case of a held of characteristic zero these results were proved in nn and later 
in [0]. 

Natural generalizations of the above construction are invariants of quivers under 
the action of classical groups, i.e., of GL{V), 0(V), *^(V), SL{V), and S'O(V). In 
other words, we assume that some classical group acts on the vector space assigned to 
a vertex, so the product of these groups acts on the space of quiver representations. 
In particular, the algebra of invariants under the action of a product of the special 
linear groups is called the algebra of semi-invariants. Its generators were calculated 
in [7] using methods from [9], [10], [26], and [28], and, independently, in [3] and [1] 
utilizing methods of the representation theory of quivers. In the paper [23] generators 
for semi-invariants were given in the case of a held of characteristic zero. 

For remaining classical groups, the hrst step was performed in the classical work 
of Procesi [21] . He calculated generators and relations between them for the orthog¬ 
onal and symplectic invariants of several matrices over a held of characteristic zero. 
The study of the case of zero characteristic was continued in [2], where generators 
for the case of the special orthogonal group were found. The results concerning 
generators for the orthogonal and symplectic invariants were generalized in [27] to 
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a field of positive characteristic (assumed to be odd in the case of the orthogonal 
group). The main reduction of paper [27] (also see [29]) actually shows that the 
most general concept for dealing with product of arbitrary classical groups is the 
notion of mixed representations of quivers, introduced in [29] , 

The main idea of the dehnition of mixed representations is to deal with bilinear 
forms in addition to linear mappings. It works as follows. Bilinear forms on some 
vector space V are in one to one correspondence with linear mappings from V to its 
dual vector space V*. The standard action of GLiV) on V induces the action on V*, 
and, therefore, on Hom(V,V*). So, together with the action of the general linear 
groups on the vector spaces assigned to vertices, we consider their dual action. 

As an example, consider a quiver Q that can schematically be depicted as 

a^b 

• V •W , 

where v, w are vertices; a, b are arrows from v to w] a vector space V is assigned 
to V, and V* is assigned to w. Then the orbits of GL{V) on the space of mixed 
representations of Q correspond to pairs of bilinear forms on V. The classihcation 
problem for pairs of symmetric and skew-symmetric bilinear forms is a classical topic 
going back to Weierstrass and Kronecker (see [T3|, [T6|, and [T5]). 

Another motivation for introducing mixed representations are papers [5] and [25] , 
where orthogonal and symplectic representations of symmetric quivers and repre¬ 
sentations of signed quivers, respectively, were introduced. These notions relate to 
mixed representations of quivers very closely. In fact, such representations are mixed 
representations for some products of classical linear groups. In [5] it was established 
that representations of a symmetric quiver are in one-to-one correspondence with 
a some subset of representations of the associated double quiver. Consequently 
the symmetric quivers of tame and hnite type were classihed. These results were 
generalized to signed quivers in [25] . 

In [22] generating invariants for mixed representations of quivers were found, 
as well as invariants for representations of symmetric and signed quivers. In a 
subsequent paper [30] dehning relations for the algebra of invariants of mixed rep¬ 
resentations of quivers were established. To describe relations, together with a 
new function ak^r on three matrices is used. This function describes some relations 
for the quiver schematically depicted as 

a,b 

c C •u •w 

Here the arrow a goes from v to w, the arrow b goes in the opposite direction, c 
is a loop on the vertex u, and the vector space assigned to w is dual to the space 
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assigned to v. The general resnlts were applied to obtain information abont defining 
relations for the orthogonal and symplectic invariants (see Sections 3 and 4 of EDI). 

The cnrrent paper is dedicated to semi-invariants of mixed representations of 
quivers. In general we follow the approach of [7]. The main result of the paper is 
a description of a generating system for semi-invariants of mixed representations of 
quivers. 

Section [2] contains necessary definitions and some auxiliary results. 

In Section [3] the function DP on three matrices is introduced and some of its 
combinatorial properties are studied. This function is a mixture of the determinant 
and two pfaffians. Note that DP relates to ak,r in the same way as the determinant 
relates to i.e., for 1 <k <t the function (Jk,r{X., Y, Z) is the coefficient of in 
the polynomial DPr,r(2^ -|- XE, Y, Z) for {t + 2r) x (t + 2r) matrices X, Y, Z. (This 
is a direct consequence of the decomposition formula from [18].) 

In Section 0] the general problem is reduced to the case of the so-called zigzag- 
quivers, which are special cases of bipartite quivers. We prove that semi-invariants of 
mixed representations of a quiver are spanned by semi-invariants of mixed represen¬ 
tations of some zigzag-quiver and describe explicitly this reduction (see Theorem [1]). 

In Sections 0 and [H] we determine a generating system for semi-invariants of 
mixed representations of a zigzag-quiver. There is an obvious way to obtain some 
semi-invariants. First we consider triplets of block matrices, using generic matrices 
of mixed representations of a quiver as blocks. Partial linearizations of the function 
DP on these triplets are semi-invariants of mixed representations of a quiver. We 
prove that all semi-invariants of mixed representations of a quiver belong to the 
linear span of these semi-invariants (see Theorem [2]). In Subsection 15.31 a special 
case is considered. Theorem |2] is proved in Section (6] 

The paper is concluded by example given in Section [T] 

Using the main result of this paper together with a reduction to mixed represen¬ 
tations of quivers (c.f. [22]) and the decomposition formula from [18], the first author 
completed description of generators for the invariants under the action of a product 
of classical groups on the space of (mixed) representations of a quiver in [19]. In 
particular, generators for the invariants of several matrices under the action of the 
special orthogonal group were found, where the characteristic is different from 2 
when we consider the (special) orthogonal group. 
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2 Preliminaries 

2.1 Notations and remarks 

Let /C be an infinite field of arbitrary characteristic. All vector spaces, algebras and 
modnles are over /C nnless otherwise stated. Denote by N the set of all non-negative 
integers, by Z the set of all integers, and by Q the qnotient field of Z. We nse 
capital letters like A, B, C, etc. for sets endowed with some algebraic strnctnre and 
for qnivers (see Section [22D- 

For a vector space V let V*, S'(V), S'*(V), ( 8 )W, and aW, respectively, stand for 
the dnal space, the symmetric algebra, the t-th symmetric power, the t-th tensor 
power, and the t-th exterior power of V, respectively. 

Snppose a rednctive algebraic gronp Q acts on vector spaces V and W, and let 
n G V, w G W, g E Q. This action indnces an action on 

• the coordinate algebra /C[V] of the affine variety V: for / G /C[V] we pnt 
{g- f){v) = f{g~^ -v); 

• the dnal space V*, which we consider as the degree one homogeneons compo¬ 
nent of the graded algebra /C[V]; 

• the space Homx:(V, W) of /C-linear maps from V to W: for H G Homx;(V, W) 
pnt {g ■ H){v) = g - iH{g-^ ■ v)); 

• the tensor prodnct V ® W: g ■ {v ^ w) = g ■ v ® g ■ w. 

Given n G N, consider the vector space V(n) = KA of colnmn vectors of length 
n with the standard basis ni,..., where Vi is a colnmn vector, whose i-th entry 
is 1 and the rest of entries are zeros. Consider the dnal space V{n)* with the dnal 
basis ..., n*. We identify V(n)* with the space of colnmn vectors of length n, so 
V* is the same colnmn vector as n*. Denote by the space of n x m matrices. 

The general linear gronp GL{n) = {(7 G | det(( 7 ) 7 ^ 0} acts on V(n) by left 
mnltiplication. Let {1, *} be the gronp of order two, where the symbol 1 stands for 
the identity element of the gronp. Given a G {1, *}, g G GL{n), define 

, NO _ J V(n) for a = 1 „ _ J n* for a = 1 « _ / 9 for a = 1 

^ V(n)*fora = * ’ n*fora = * ’ ^ \ {g~^)^ ioi a = * 


g-vf = g^Vi . 


Note that 


(1) 
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Let a, (3 G {1, *}, V = V(n)", W = W(m)^ and let wi ,..., Wm be the standard 
basis for W(m). Let groups Qi C GL{n), Q 2 C GL{m) be closed under transposition 
and the group Q = Qi Q 2 acts on V, W as follows: for g = (( 71 , ( 72 ) G n G V, 
w E yV we have g ■ v = gi ■ v = g^v, g ■ w = g 2 ■ w = g^w. Let /C[Honi^(V, W)] = 
V[xij 11 < t < m, 1 < j < n] be the coordinate algebra of the space Honix:(V, W), 
and X = {xij) be the m x n matrix. Here Xij maps a matrix H E ~ 

Hom^(V, W) to the (t,j)-th entry of LT, where the isomorphism is determined by 
the choice of bases for V, W. Consider g = (( 71 , 772 ) E G, H E ~ Homx:(V, W). 

The following lemma is proved by straightforward calculations. 

Lemma 1 Using the preceding notation we have: 

1) g-H = glH{g-)-\ 

2) g-X = {g 2 )~^Xg'^, where g-X means the matrix whose {i,j)-th entry is equal 
to g ■ Xij . 

3) The homomorphism of spaces : /C[Homx:(V, W)] —® V(n)"), 
defined by ^{xij) = wf* ® vf, is an isomorphism of Q-modules. 

Proof. 1) Let v E V. Then {g ■ H){v) = g ■ {H{g-^ ■ v)) = g ■ {H{gf^Yv) = 
g^2H{gf^Yv. 

2) For / G fC[xij\ and H E ~ Homx:(V, W) we have {g ■ f){H) = f{g~^ ■ 

H) = nV'rWgr). 

3) We prove that <h is ^-homomorphism. Denote the entries of the matrix g by 
gij. By the previous item, $(77 ■ Xij) equals 

mirwgth) = hy. iVr^r^r.igru,) = E 

T S f g 

On the other hand, g ■ {wf* ® vf) = g ■ wf* ® g ■ vf = g 2 *wf* 0 gfvf = 

'l2rs(92*)rii9i)sj'w^* ® vf. The required statement follows from (g^*)'^ = (fi' 2 )~^- 

A ’ 

Denote by idn the identity permutation of Sn- Given permutations di G 
G Sn^, denote the product of their signs sgn((Ti) ■ ... ■ sgn((Tfc) by 
sgn((Ti... (Tfc). For positive integers ni,n 2 ,ns and permutations ci E 5 „i,ct 2 G 
Sn 2 , <73 G Sn 3 we regard a = Ui x (J 2 x (J 3 as an element of iS^^+nj+ns given by 

( if I G ni 

a{l) = < (T 2 (/ — ni) + ni, if ni < I < ni + n2 

I afil - ni - n2) +ni+ n2, if Ui + n2 < I < Ui + n2 + n^. 
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For any vector spaces V, W and a positive integer n there is a homomorphism of 
vector spaces 

Cn : ® ® W), 

dehned by 

Cn(vt A ... A < 0 Wi A ... A Wn) = Sgn(p) ^ v*i ® Wp(i), 

where v* G G W. Consider an ordered set 7 = ( 71 ,..., 7 p) G W. We set 

A'^'V = A'^'^V ® ® A'^'^V. Dehne a homomorphism of vector spaces 

: A^V* ® A^W ^ ^T' 1 +-+>(V* 0 W) 

by C 7 (c) = ( 71(01 ®h)... C-ypia-p ® bp), where c = (oi 0 ... 0 Op) 0 (61 0 ... 0 6 p), 
and Oj G A'^^V*, bi G A'^'W (1 < i < p). 

The symbol a ^ b will indicate a substitution. For a G N and i? C N we write 
a + B for {a + b \ b & B}. Denote the Kronecker symbol by 6ij. Given a group Q and 
a,b E Q, we set = b~^ab. For integers i < j denote the interval + ... ,j — l,j 

by [i,j]- For the cardinality of a set A we write t^A. 

2.2 The space of mixed representations of a quiver 

A quiver Q = (Qo, Qi) is a hnite oriented graph, where Qo = is the set 

of vertices and Qi is the set of arrows. For an arrow a, denote by a" its tail, and 
by a' its head. Consider hnite dimensional vector spaces Vi = , ■ ■ ■ ,Vi = 1C"''- of 

column vectors and hx their standard bases. The vector n = (ni ,... ,ni) is called 
the dimension vector. Consider a = (ai,..., a;), where G {!,*} and 

assign the vector space V““ to each u G Qo- 

Further, assume that there is an involution 4> : Qo ^ Qo satisfying the properties: 

b) 0 (m) = u implies «„ = 1 ; 

c) 0 (m) 7 ^ u implies a^{u) = *««• 

In other words, some of the vertices are grouped into non-intersecting pairs, where 
vector spaces corresponding to a pair of vertices have equal dimensions and one of 
the vector spaces from such a pair is dual to another whereas all the remaining 
vertices u have «„ = 1 and are stable under 0 . 
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Define GL(n) = GL{ni) x ... x GL{ni) and 

n = = 0 ^ 0 Honi^(V“?", V““'), 

aeQi aSSi 

where the isomorphism is given by the choice of bases for Vi,..., V;. For any vertex 
u vector spaces and V* are GL(?7,„)-modnles. Then the gronp GL{n) acts on IZ 
by the rnle: for g = {gi,... ,gi) G GL{n), {Ha)a&Qi E IZ we have 

9 ■ (^a)aeQi = {g ■ Ha)aeQr = 

(see Lemma d]). For each pair {u, (f>{u)) with u E Qq and 0 (m) ^ u replace the factor 
GLijiu) X GL{n^(u)) of the gronp GL{n) by its diagonal snbgronp. The resnlting 
snbgronp 

{g G GL(n) | g^ = g^(u) for all n G Qo} 

is isomorphic to 

GLc,,4>{n) = GL(na) 

aeSo, a(a)=l 

by (5'a)aGSo (5'a)aGSo,a(a)=i- Tliis isomorphism indnces the action of on 

7Z. So, one and the same general linear gronp acts on both and V*. The space 7Z 
together with the action of GL^^^iji) on it is called a n-dimensional space of mixed 
representations of Q, and elements of 7Z are called mixed representations. 

The coordinate ring of the affine variety TZ is the polynomial ring 

IC[}Z] = I b G Qi, 1 < i < Ub', 1 < j < nb"]. 

Here stands for the coordinate fnnction on TZ that takes a representation 
H = {H,)aeQ, to the (z,j)-th entry of Hb. The ring )C[TZ] is a GLct,</,(n)-modnle 
(Section l2.ll) . Denote by 

ICpifKAn) = {fe /C[7^] I ■ / = / for all ^7 G GL„,^(n)} 

the algebra of invariants of mixed representations of the qniver Q. 

Let SLo,,(f){n) = GLa^^{n) fl (S'L(ni) x ... x SL{ni)). Denote by 

= {/ e /C[7^] I ^ ■ / = / for all ^ G SL^,^{n)} 

the algebra of semi-invariants of mixed representations of the qniver. 

If = 1 for all m G Qo) then (semi)-invariants of mixed representations of Q 
are (semi)-invariants of representations of Q. 
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For e = (ei,..., em) G Z"*, where m is the cardinality of {m G Qo I = 1}, 
denote the space of relative invariants of weight e by 

/C[ 7 ^]GL.,An),. = {/ G /C[7^] \g-f = { n det^“(. 7 j)/ for all g G 

U&Qo, Qu = l 

2.3 Distributions, partitions and Young subgroups 

By a distribution B = {Bi ,..., Bd) of a set [1, t] we mean an ordered partition of the 
set [l,t] into pairwise disjoint subsets Bj {I < j <d), which are called components 
of the distribution. To every B we associate two functions I i—> B\l\ and I ^ B{1) 
(1 < / < t), dehned by the rules: 

B\l\ = i, if / G Bi, and B{1) = #{[1, /] n 5* | / G Bi}. 

The symmetric group St acts on [l,t] and contains the Young subgroup 

= {tt G I n{Bi) = Bi ioT 1 < i < d}. 

For a e St we set 5°" = {Bf ,..., B^), where Bf = a~^Bi, 1 < i < d. The intersec¬ 
tion A n i? of distributions A = (Ai,..., Ap) and B = {Bi ,..., Bq) of the same set 
is the result of pairwise intersections of all components of the given distributions, 
i.e., C = (Cl,..., Crf), where for any 1 < k < d we have C^ 7 ^ 0 and there exist i, j 
such that 1 < * < p, 1 < j < g, and C^ = Aj fl Bj] moreover, we assume that for 
any 1 < ki < k 2 < d the minimum of Cfc, is less that the minimum of C^j- If A, B 
are distributions of the same set, then we write A < B provided each component of 
A is contained in some component of B. 

A vector t = {p,... ,td) ^ determines the distribution T = (Ti,... ,Td) of 
the set [ 1 , t], where t = ti + ... + td and Tj = tj_i -|- 1 ,..., ti ti}, 

1 < i < d. We use capital letters to refer to the distribution determined by a vector. 
Note that for 1 < / < t we have 

T\l\ = i, if < I < ti + ... + ti, and 

T(1) = I — {ti + ... + where T\l\ = i. 

It is easy to derive the following lemma (see Section 2.2 of 0 )- 

Lemma 2 Given a distribution B = {Bi,..., Bd) of a set consider t = 

{ifBi,..., ifBd). Let T be the distribution determined by t. Then for each a G St 
we have: 
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1. Sb’’ = a~^SB(y = B''\l\ = B\a{l)\ for any 1 < I <t. 

2. There is a permutation rj E with B{a{l)) = B""fqif)) for any 1 <l <t. 

3. There exists a permutation p E St with B = T"^ for any a E StP- Moreover, 
there is a unique permutation a E StP that satisfies the condition T'^{1) = T{a{l)) 
for any 1 < I < t. 

A vector 7 = ( 71 ,, jp) E satisfying 71 > ... > 7 p and 71 + ... + 7 ^ = t 
is called a partition of t G N and is denoted by 7 h t. A multipartition 7 b t 
is a d-tnple of partitions 7 = ( 7 ( 1 ),..., 7 ( 0 ?)), where 7 (i) \- U, t = (fi,... ,td). 
We identify a mnltipartition 7 with a vector ( 71 ,..., 7 p) G N^, where 7 (i) = 
(7pi+-+Pi-i+i> • • • >7pi+...+Pi), p = Pi + ... + Pd, and say that p = (pi,... ,Pd) is the 
height of 7 . Any mnltipartition 7 G determines the distribution F = (hi,..., Fp) 
and the Young subgroup 5r, as above. 

For a subgroup A of ^ denote by Q/A, A\Q and A\Q/B, respectively, some 
system of representatives for the left, right and double cosets respectively. Note 
that if a ranges over Q/A, then ranges over A\Q and vice versa. 

Lemma 3 Let Q be a group, and let £, A, B he its subgroups. Then 

a) for any system of representatives C/CnB there exist systems of representatives 
C n A\C/C n B and A fl C/A fl £ fl B'^, where G £ fl A\C/C fl B, such 
that 

C/CnB = {UTT-^ ITT-^ G £n A\£/£ni3, n G An£/An£n B^}; (2) 

b) for any systems of representatives £ fl A\C/C fl B and A fl £/A (7 £ fl B'^, 
where G £ (7 A\£/£ 7 B, there exist a system of representatives C/CnB 
such that ^ holds. 

Proof. a) Consider a set £/£7i3 = {gi\i E /}. Since £ is a union of double cosets, 
for each i E I there is a TTj G £ such that gi G (£7A)7r“^(£7S). Multiplying p* by an 
appropriate element from £7i3 we can assume that gi = for some v G £7 A for 
all i. If two elements and from \ G £7 A\£/£7i3, v E A7£} 

are equal modulo £ 7 i3, then (£ 7 A)7r“^(£ 7 = (£ 7 A)7r'“^(£ 7 B), and thus 

vr = tt'. Therefore mod(£7B) holds if and only if G £7A7B’^. 

b) Consider sets £ 7 A\£/£ 7 B = {vr£^ \ i E 1} and A 7 £/A 7 £ 7 B’^* = 
{vij \j E Ji] for any i E I. We should prove that C = | i G /, j G Ji] is a 

system of representatives CjCf\B. 
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For any g E C there is an z G / such that g = aTT~^b for some a G £ fl A, 
b E CnB. Hence a = Vija' for some j G J*, a' G Afl £ fl Therefore a' = TT~^b'TTi 
for some b' E B. Finally, g = UijTr~^b'b is contained in C modulo CnB. Repeating 
the reasoning from part a) we obtain that all elements of C are different modulo 
CnB. A 


3 Definition and properties of DP 

In this section we assume that all matrices have entries in a commutative unitary 
ring IF without divisors of zero. Moreover, we assume that the characteristic of IF 
is zero. The case of positive characteristic is discussed in Remark [T] at the end of 
this section. 

Before dehning the function DP recall the notion of the pfaffian and the de¬ 
terminant. The pfaffian of a 2r x 2r skew-symmetric matrix C = (cij) is given 
by 

r 

pf(C) = 5 ; SgIl((T) ^a{2k — l)^a(2k) • 

{CTG<52r I l)<f7(2/c) for all l</c<r} k=l 

By the generalized pfaffian of an arbitrary 2r x 2r matrix Y = (yij) we will mean 

r 

nr) = E Sgn(cT) y a{k),a{k+r) •) 

0'GiS2r/diag(5r XcSr) k = l 

where diag(5,. x Sr) = {n x z/ | z/ G 5,.} is the diagonal subgroup of Sr x Sr. By 
abuse of notation we will also refer to P(R) as the pfaffian. Note that 

pf(y - Y^) = (-l)'’F-b/V! P(F). 

The determinant of a f x f matrix X = {xij) is equal to 

t 

det(X) = sgn((Tr) 

(TXre<St x5t/diag(St x5t) k=l 

Definition 1. Let t,r,s E N. Given 

• a (f -f- 2r) X (f -|- 2s) matrix X = {xij), 

• & {t + 2r) X {t + 2r) matrix Y = (z/^). 
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• a (t + 2s) X (t + 2s) matrix Z = (%), 

we define a function DPr 5 (X, Y, Z), which is a mixture of the determinant and two 
pfaffians: 


^ ^ Sgn(crT) J_ J_ 2 ^( 7 (i),T(j) J_ J_ l/a-(t+j),cr(t+r+j) J_ J_ 2 :T-(t+fc),r(t+s+fc) ) (3) 

crXTeSt+2rXSt+2s/'P *=1 i = l k=l 

where V = {vi x z /2 x ^^2 x x ^3 x I ^ St, V 2 ^ S^, ^ It is not difficult 

to see that DP^^ 5 (X, Y, Z) can also be written in the form 

^ t r s 

f!r!s! E E Sgn(crT) ya{t+j),rj{t+r+j) n '^T(t+/c),r(t+s+/c) • 

(T^St + 2r T^St+2s ^=1 J = 1 k=l 

In the case f = r = s = 0we define DPr^s(X, Y, Z) = 0. 

Lemma 4 The function DP satisfies the following properties: 

1. a) DP,,,(X^,E,E) = DP,,,(X,E,Z). 

h) DPrAX,Y^,Z) = {-IfiDPr,s{X,Y,Z), 

DPr,six, Y,Z^) = i-irDPr,siX,Y,Z). 

c) if r = s = 0, then DPo,o(-E, E, Z) = det(X); and if t = 0 , then 
DP,,,(X,E,E) = P(E)P(Z). 

2. Let g be a {t + 2r) x (t + 2r) matrix and h be a [t + 2s) x (f + 2s) matrix. 
Then 

a) DPr,si9X,gYg^,Z) = detig)DPr,siX,Y,Z). 

b) DPr,siXh,Y,h^Zh) = det(h)DP^,,(X,E,Z). 

Proof. Part 1 follows easily from the definition of DP. 

Given mappings a : [1, t] [I,t + 2r] and b, c : [1, r] —> [1, t + 2r], set 

Ma,b,c = ^ ^ sgn((Tr) 

crGSt+2r T^^t+2s 

t r s t r 

Xa{i),T{i) yb{j),c{j) '^r(t+/c),T(t+s+/c) fi'cr(j),a(i) 9(Tit+j),bij)9(^it+r+j),cij)- 
i=l j=l k=l i=l j=l 

DPrA9X, gYg^, Z) = ^ 


Then 
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where the sum is over all mappings a : [ 1 , t] —[ 1 , t + 2 r] and b,c : [ 1 , r] —[ 1 , t + 2 r]. 

We denote by {i,j) the transposition switching i and j and make the following 
observations: 

(i) If there are u,v with 1 < u,v < t such that u ^ v and a{u) = a{v), then 

Ma,b,c = 0 because sgn((T) ^ sgn((j ■ {u,v)). 

(ii) If there are u,v with 1 < < r such that u ^ v and b{u) = b{v), then 

Ma,b,c = 0 because sgn((T) ^ sgn((T ■ (t + u,t + v)). 

(hi) If there are u,v with 1 < < r such that u ^ v and c{u) = c{v), then 

Ma,b,c = 0 because sgn((T) 7 ^ sgn((T ■ (t + r + u,t + r + v)). 

(iv) If there are u,v with 1 < u, u < r such that b{u) = c{v), then Ma^^c = 0 

because sgn((T) 7 ^ sgn((T ■ (t + u,t + r + v)). 

(v) If there are u,v with 1 < u < t and 1 < u < r such that a{u) = b{v), then 
Ma,b,c = 0 because sgn((T) 7 ^ sgn((T ■ {u,t + v)). 

(vi) If there are u,v with 1 < u < t and 1 < u < r such that a{u) = c{v), then 
Ma,b,c = 0 because sgn((T) 7 ^ sgn((T ■ {u,t + t + v)). 

Assume c 7 ^ 0. By (i)-(iii) the mappings a, b, c are injective and by (iv)-(vi) 
their images are disjoint. Thus there is a tt G St+ 2 r such that for every 1 < i < t, 
I < j < r we have n{i) = a{i), 7i(t + j) = b{j), n(t + r + j) = c(j). Therefore 

DPrA9X,gYg^,Z) = 

7r£5t + 2r '^&St+2r 'r€<St+2s 
t r s t+2r 

^TT(i),T{i) J_ J_ yn{t+j),Tr{t+r+j) ^T{t+k),T{t+s+k) n QaTT 

i=l j = l k=l i=l 

Substituting an for a, we prove 2a). Part 2b) is analogous. A 

Let 7 h f, 5 h r, A h s, where 7 = (71,..., 7^), 5 = (A, • • •, A), A = (Ai,..., A^), 
and let 

• Xk = (xh) be a (t + 2 r) x (t + 2s) matrix, where 1 < A; < u, 

• Yk = {jjA be a (t + 2 r) x (t + 2 r) matrix, where 1 < /c < u. 
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• Zk = (zfj) be a (t + 2s) x {t + 2s) matrix, where 1 < k < w. 

Consider the polynomial DPr,s(xiXi + .. .+XuNu, yiYi + .. . + y^Y^, ziZi + .. . + ZwZuj) 
in variables Xi,..., yi,..., y^, zi,..., z^- Denote by 

DP7,yA(-^i, • • • 5 Xu, Yi,. .., Yu, Zi,..., Zu,) 

the coefficient of ... x'^y^i .. .yf,'’z^^ ... z^ in this polynomial. The fnnction 
DP.y,yA plays a key role in the rest of the paper. 


Lemma 5 The polynomial DP..y_yA(-^i, • • •, Xu, Yi,... ,Yu, Zi,..., Zu,) is equal to 


sgn(ar) J] J] J] N(t+k),r(t+s+k) > 

crXTeSt+2rXSt+2s/C i=l i=l k=l 

where P, A, A are the distributions determined by 7 , S, X, respectively, and 
£ = X z/2 X z/2 X X z/3 X 1/3 1 G 5 r, 102 e 5 a, z^s ^ 5 a}. 


Proof. We set 


A = {a : [l,f] —>• where jfa ^(z) = 7 ^ for any 1 < z < u}, 

B = {b : [l,r] —>• [l,z;], where ifh~^{j) = 5j for any 1 < j < n}, 

C = {c : [1, s] —> [l,ta], where ifc~^{k) = for any 1 <k < w}. 

It is easy to see that 


DP.y77(Xi,..., Xu, Yi,.. . ,Yu, Zi,..., Zu,) 




crGSt^2r 'T€<St+2s 


a, 6 ,c 2=1 




k=l 


where a, b, c range over A, B, C, respectively. Part 3 of Lemma [2] gives a bijection 
between the set 5t/5r and A that sends each tti G 5t/5r to the mapping z 1 —»• 
r|W^(*)l- Similarly we obtain bijections between Sr/S^ and 5 s/5a, respectively, 
and B and C, respectively. Thns 


DP 7 ,yA(Xi,.. ., Xu, Yi,.. ., Yu, Zi, 


1 

t!r!s! 


YI 

f7€<St+2r T^St + 2s 
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E E E ri 




7riG<St/tSr 7T2SSr/^A /^A ^^ 


r 


ns 


^wVu)\ 


'^T{t+k),T{t+s+k) ■ 


After substitution i —>■ 7ri(i), j —> vr 2 (j), k —>• Ti^^k) we obtain the expression 


1 

t\r\s\ #5r #5 a #5a 


TTlEtSt 7r2€<Sr '7r3G<Ss cr€<St+2r '7‘€<S£+2 s 


t 

n (*))>'rAi(b) 


r 



'^li 

o-(i+7r2(i)),o-(t+r+7r2(i)) 


TT 

11 ^T(t+7r3(fc)),T(t+s+7r3(A:)) • 


*=1 


J=1 


fc=l 


Another substitution a ■ (tti x 7r2 x 7r2) —>■ a, t ■ (tti x tts x tts) —> r gives the hnal 
form 


1 

# 5 r# 5 A# 5 A 




r 


s 


crG5t+2r Te5t + 2s * = 1 i = l 


TT A|fc| 

11 ^'r(t+fc),T(4+s+fc)' 
fc=l 


A 


Denote by JA[xi,..., a:^] and Q[xi,..., x^], respectively, the ring of commutative 
polynomials over JF and Q, respectively. The following lemma is trivial. 

Lemma 6 Let p > 0 be the characteristic of T. Define the ring homomorphism 
71 : Z ^ iF by 7r(l) = Ijf, where stands for the identity of T. Consider a = 
aiOi G JF[xi,..., Xr], where oii G 7r(jF), and Oj is a monomial in xi,... ,Xn- Take 
/ 3 j G {0,1,... ,p — 1} C E such that n{(3i) = a* and set b = Yi PCi ^ Q[^i) • • •) . 

Then 6 = 0 implies a = 0. 

We will use the following remark to treat the case of positive characteristic of T. 

Remark 1 When T has a positive characteristic, define DP by Formula Then 
Lemmas US remain valid. 

Proof. Analogues of Lemmas H] and [5] assert equality of certain polynomials over 
7r(jF) with TT defined in Lemma El Since we have shown that the corresponding 
equalities are valid over Z, the proof of Remark [1] follows from Lemma El A 
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4 Reduction to a zigzag-quiver 

Throughout this section we use notations from Section 12.21 

Definition 2. A quiver Q is called bipartite, if every vertex is a source (i.e. there 
is no arrow ending at this vertex), or a sink (i.e. there is no arrow starting at this 
vertex). A zigzag-quiver is a bipartite quiver Q that satishes the following conditions: 

a) for each vertex u & Qowe have 0 (m) ^ u; moreover, if u is a source, then 0 (m) 
is a sink and vice-versa; 

b) there is no arrow a E Qi for which Oq/ = «„// = *. 

Given a zigzag-quiver Q, we can depict it schematically as 


• * 

• * 

where the involution (j) permutes vertices horizontally, and = * if and only if the 
vertex u is marked on the picture by an asterisk. (For more details see the beginning 
of Section [5]) . 

Given a quiver Q and n, a, 0, satisfying requirements a), b), c) from Section [221 
we consider the zigzag-quiver together with according to the 

following construction, which is a variation of “doubling construction” from [23] . 

Construction 1. If (j){u) = u, that is a vertex u does not belong to any pair, then 
we add a new vertex u, which will form a pair with u, and change n, (p, a, SLa^^{n) 
appropriately. The resulting space of mixed representations of a new quiver coincides 
with the space of mixed representations of the original quiver, because there is no 
arrow whose head or tail is u. So without loss of generality we can assume that each 
vertex u E Qo belongs to some pair. 

Assume (f){u) = v ^ u, where u,v E Qo and = 1, = *. Add two new 

vertices u, v to the quiver and change every arrow a with a" = n to a new arrow a 
with a" = u and a' = a'. Also change every arrow a with a” = n to a new arrow a 
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with a" = V and a' = a'. We will refer to such arrows as arrows of type 1. Dehne 
au = 1, ttv = * and riu = rijj = n„. Moreover, add a new arrow b from u to u. We 
will refer to b as an arrow of type 2. Redehne 0 so that 4>{u) = v, (j){v) = u, and 
change SLa,^{n) appropriately. 

After performing this procedure for all pairs, we get the quiver = 

(Qo^\ If an arrow a G satishes the condition aa’ = eta" = *, change 

it to a new arrow c such that c' = c" = We will refer to c as an ar¬ 
row of type 3. After all of these changes we obtain a zigzag-quiver \ Q^i^) 

and its space of mixed representations , Denote the coordinate 

functions on 11 ^( 2 )by ?/“. (a G 

For short we set = 5'L^(i) ,^(i) and = 5'L„(2) ,^( 2 ) 


Example. Let Q be the quiver with vertices v, w, and arrows Oi,..., 04 , where Oi 
goes from v to w, 02 goes in the opposite direction, 03 and 04 are loops in vertices v 
and w, respectively. Suppose the involution 0 interchanges vertices v and w, Oy = 1 
and ayj = *. The quiver Q is depicted schematically as 


03 


C •v 


ai,a2 


•W D 04 


Then is 


w 


V 


02 , 

a3,a4,6 

/ 


•V 


•w 


1 


where the arrows of are denoted by the same letters as the corresponding arrows 
of Q, 6 is a new arrow; the involution permutes vertices horizontally; and for a 
vertex i of the new quiver = * if and only if i = w^w. Note that oi, 02 , 03 are 
arrows of type 1, b is of type 2, and 04 is of type 3. 


The following theorem shows that for our purpose it is enough to hnd out gen¬ 
erators for zigzag-quivers. 

Theorem 1 Consider the homomorphism of IC-algebras 

4 : K|R„ra,,<.,(S'">,n'"’)l ^ K[K„,*(Q,n)], 




X'. 


O’ 

.a 

jii 


X 


defined by 


if the type of a is 1 
if the type of a is 2 
if the type of a is 3. 
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Then its restriction to the algebra of semi-invariants 

is a surjective mapping. 

Proof. By Lemma [1] it is enough to prove the claim for the quiver instead of 
Moreover, we can assume that the procedure of vertex doubling was applied 
to a single pair of vertices {u,v}. Let b G be the arrow added to Q (see the 
construction of 

We have = Gi ^ G2 ^ hi, SLa,^{n) = ^ x Ti for some groups G, Gi-, G2 that 
are copies of SL{nu), i.e., they are equal to SL{ny), and some group Ti. The group 
G acts on Vu and V^, the group Gi acts on and and the group G2 acts on 
and The group G is embedded into Gi x G2 as the diagonal subgroup 

V = diag(^i X G2) = {{.g,g)\g^ S'L(n„)}. 

Let Q^^\{b} be a quiver obtained by removing the arrow b from and put 
TZ = 7?.„(i),</,(!)The Frobenius reciprocity ([Sj, Lemma 8A) implies 
that 

T : (/C[7^] ( 8 ) K, [SL^^^/V x 

is an isomorphism of algebras. Here acts on the above tensor product diag¬ 

onally and it acts on /T> x 7Y by left multiplication. The mapping T is given 
by 

T(/ ® h) = h{lsLw)f, 

where / G K,\TV\, h G /C[S'Ld)/P x TL] and 15 ^( 1 ) is the identity element of the group 
SL^^\ On the other hand, 

The action of Gi x G2 on Gi x G2/'I^ by left multiplication induces an action of 
5 'Ld) = Q1XG2XH on GiX ^ 2 /^^. Thus the FL^^^-spaces /VxH and Gi x ^ 2 /”^ 
are isomorphic. We dehne a mapping Gi x G2/P SL{nu) by (s'!, ( 72 ) —^ gigf^- 
Since {gi,g2) ■ g = giggf^ for g G S'L(n„), gi G Gi and g2 G G2, this mapping is an 
isomorphism of Gi X ^ 2 -spaces. Therefore there is an S'L^l-equivariant isomorphism 
of /C-algebras 


1C[SL^^'^/V X Lf] ~ K,[zij 11 < i, j < nJ/J, 
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where / is the ideal generated by the polynomial det((%)i<ij<n„) — 1. Consider the 
natnral homomorphism 

TT : IC[Zij] IC[Zij]/I. 

Since the S'L^^^hmodules / and K.[JZ] have good hltrations (see 0.0). the mapping 
TT indnces a snrjective homomorphism 

7f : (/C[7^] ® (/C[7^] ® IC[SL^^^/V X 

Moreover, the mapping }C[}Z]<Z)IC[zij] —> /C[7^„(i) ,^(i) dehned by Zij —>• j/h, 

is an S'Ld)-eqnivariant isomorphism of /C-algebras. It remains to observe that the 
restriction of $ to semi-invariants is eqnal to d' ■ 7f. A 


5 Semi-invariants of mixed representations of 
zigzag-quivers 

5.1 Notations 

Given a zigzag-qniver Q = (Qq, Qi), consider its mixed representations of a hxed 

dimension vector. 

Depict Q together with vector spaces, assigned to vertices, schematically as 

Vi(l)* . . Vi(l) 

! J -h ^ I 

Vi(/i)* • 

V2(l) • 

V2(/2) • • V2(/2)b 

Here 

• Vi(i), V2(j), Vi(i)* and V2(j)* (1 < * < 1 < j < h) are vector spaces 

assigned to vertices. Denote dimVi(i) = rij and dimV2(j) = mj. Consider 
Vi(f), V2(j) as spaces of colnmn vectors. Fix the standard bases for Vi(i), 
V2(j) and the dnal bases for Vi(i)*, V2(j)*. 
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• the arrows of Q are labeled by symbols i,j+j (1 < ^ < di, 1 < j < (i 2 , 1 < 
k < ds). Introduce notations i', i", k'_, k'!_ such that the tail of an arrow 

i corresponds to the vector space V 2 {i'') and its head corresponds to Vi(z'); the 
tail of an arrow corresponds to and its head corresponds to 

the tail of an arrow k_ corresponds to V 2 {k'!_) and its head corresponds to 
V 2 {k'_)*. Schematically 


V2{l") • ^ • Viii') 

V,{3ir . ^ . Vi(4) 

V2(fc") • ^ • V2{k'_y. 

• the involution 0 permutes vertices of Q horizontally; 

• for a vertex i of zigzag-quiver, Oj = * if and only if the dual vector space is 
assigned to i. 

Denote by d the dimension vector, whose entries are Uj, rrij, where 1 < f < ^i, 
1 < J < I 2 . Then the space of mixed representations of the quiver Q of dimension 
d is 


P- = Pa,(j>{Q, d) 


@* i/C"*'0©*,^”'*''”'? 0@fliHomKK 

=i@*iHomK(V2('i").Vi('i'))0 


mu xm,// 


,HomK(V,(j:)*, Vi(4)) 0 @tiHomK(V2(r), ^(V)*), 

where the isomorphism is given by the choice of bases. Elements of P are mixed 
representations of Q and we write them as if = (ifi,..., if^^, 

The group 


h h 

g = SL^^yd) = J] SL{ng X H SL{my 

i=l j=l 


acts on P and on its coordinate ring /C[7^], since SLijii) acts on Vi(i), Vi(i)*, and 
SL{mj) acts on V 2 (j), V 2 (j)* (see SectionDenote by 


• {I k < di, 1 < i < riy, 1 < j < my) the coordinate function on P that 
takes a representation H to the (i, j)-th entry of the matrix if^; 
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• Vij {I < k < d 2 i I < i < 1 < j < nyj^) the coordinate function on TZ that 

takes H to the (f,j)-th entry of 

• zk (1 < /i; < da, 1 < i < my_, 1 < j < the coordinate function on TZ 
that takes H to the (f, j)-th entry of H^. 

Denote by = {yfj), = {zk) the resulting generic matrices. 

For g = {gi,..., gi^, hi,..., hi^) G 1 < i < di, 1 < j < 4, and 1 < /c < dg we 
have 

g ■ Xi g^, Xihi", g ' Yj g^,^ ) ■: 9 ' Yk hy^Zi^hy^. 


5.2 Formulation of the Theorem 

Fix t = {ti,.. r = (ri,.. .,rd^), s = (si,... , 5 ^ 3 ) and denote by ^[7^](t,r,s) 

the space of polynomials that have a total degree ti in variables from Xi [1 < i < di), 
a total degree Vj in variables from Yj (1 < j < d 2 ), and a total degree Sk in variables 
from Zk {1 < k < ds). Further, set t = ti + .. .+td^, r = ri + .. .+rd 2 i s = Si + .. .+ 5 ^ 3 , 
and let T, R, S be the distributions determined by t, r, s, respectively. 

Definition 3.(i) A triplet of multidegrees {t,r,s) is called admissible if there exist 
p = {pi ,... e N'b g = (gi,..., gij G g^ch that 

4+ rk+ rk = niPi (1 < f </i), 

l<k<d\^k'=i l<k<d2->k'^=i l<k<d2^k'^=i 

4 + 'Yl Sk = miqi (l<f</ 2 ). 

l<k<di^k"=i l<k<d^,k'_=i l<k<d^,k'J_=i 

Note that in this case UiPi = t+2r and 'Y^=i = t+2s. Set p = pi + .. - Ypp, 

g = gi + ... + gz 2 , and let P, Q be the distributions determined by p, g, respectively. 
We say that (p, —g) is an admissible weight. 

(ii) Given an admissible triplet it,r,s), consider a distribution A = (Ai,...,Ap) 
of the set [1, t + 2r] and a distribution B = {Bi ,..., Bq) of the set [1, t + 2s]. If 
#Ai = np\i\ (1 < f < p), H-Bi = mgiij (1 < i < g), 

LJ LJ dARk) {t+r+Rk) = Aj (1 < i < li) 

l<k<di.,k'=i l<k<d2->k'^=i l<k<d2^k']^=i ^'^3^PiP\j\=T 
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and 


LJ LJ {'tpSk) (t+s+Sk) — Bj (1 < i < I 2 ), 

l<k<di,k''=i l<k<ds,k'_=i l<k<d^,k'^=i 

then we say that the qnintnple {t,r, s, A, B) is admissible. 

Given a distribntion A = (Ai,..., Ap) of the set [1, t + 2r], dehne a distribntion 
A' of the set [1, t] and distribntions A", A"' of the set [1, r] as follows: 

A' = (A'^,..., Ap), where A'- = [1, t] n Aj, 

A" = (A",..., A"), where A" = [1, r] n (Aj - t), 

A'" = (A'",..., Ap), where A'- = [1, r] fl (Aj —t — r). 

Any empty sets shonld be omitted. In the same way dehne distribntions B', B", B'" 
for a distribntion B = {Bi,..., Bq) of the set [1, f + 2s]. 

(iii) Let {t,r_, s. A, B) be an admissible qnintnple. 

There are nnique mnltipartitions '^max h t, 5max h D ^max h s snch that the 
distribntions T^ax, A^max, A^ax determined by ^max.dmaxAmax, respectively, satisfy 
the eqnalities: 

Tn^ax = A' n 5' n T, N^ax = A" G A'" G R, A^ax = B" G B"' G 5. 

Obvionsly, the octuple it,r, s. A, B,'jrnax, dmax, ^max) is admissible in the following 
sense: 

Consider a multipartition 7 h t of a height u = {ui,... ,Udi), a multipartition 
5 h r of a height v = (ui,..., ^^cl a multipartition A h s of a height w = 
{wi,..., Wd^) (the dehnition of height was given in Section 12.31) . We set u = Ui + 
... + Ud^, V = Vi + ... V Vd 2 ) w = Wi + Wds, and we write U, V, W, respectively, 
for the distributions determined by u, v, w, respectively. 

If the distributions T, A, A determined by 7 , S, X, respectively, satisfy 

r < A' G S', A < A" G A'" and A < S" G S'", 

then the octuple (t, r, s. A, S, 7 , 5, A) is called admissible. In other words, such an 
octuple is admissible if there are mappings 


ai : [ 1 ,m] ^ [l,p], 02,03 : [l,n] ^ [l,p]. 


bi : [l,u] [l,q], 62 , &3 : [l,w] ^ [l,q] 
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such that 

hi ^ n 

t + Aj C Aa 2 {j), t + r + Aj <T Aa^(j), 

t + Afc C t + S + Afc C 

for 1 < i < M, 1 < j < u, and 1 < A; < ta. 

Note that for every 7 ,h, A such that (t, r, s, A, 5, 7 , h, A) is admissible we have 

7 A Imaxi ^ A ^maxi A A ^max- 


Construction 2 . Let (t, r, s, A, 5, 7 , 5, A) be an admissible octuple. 

(i) Given 1 < k < u, define a (f + 2r) x (f + 2s) matrix [Xj^, partitioned into p x q 
number of blocks, where the block in the (z, j)-th position is an npjjj x mQ\j\ matrix; 
the block in the {ai{k),bi{k))-th position is equal to Xp|fc|, and the rest of blocks 
are zero matrices. 

Given 1 < A; < n, define a (A + 2r) x (A + 2r) matrix [X]fe, partitioned into p x p 
number of blocks, where the block in the (z, j)-th position is an np\i\ x np\j\ matrix; 
the block in the (a 2 (A:), a 3 (A:))-th position is equal to Yv\k\, and the rest of blocks 
are zero matrices. 

Given 1 < A: < zn, define a (A + 2s) x (A + 2s) matrix [Z]k, partitioned into q x q 
number of blocks, where the block in the (z, j)-th position is a znQ|j| x mQ\j\ matrix; 
the block in the ( 62 (A:), & 3 (A:))-th position is equal to Z\Y\k\, and the rest of blocks 
are zero matrices. 

(ii) For it,r,s,A,B) consider 'jmax,bmax,^max, defined in part (hi) of Definition 3. 
We set 


DP^f, = DP,,j,,(|A'|i,.... [.Y]„, |F]i,..., |y|„, |Z|i,..., |Z|„) 


and 


DPA"", = DPA^ 5 . 

/max f^max 


We will see in Lemma [7] that DPf;^ is well defined. 


Theorem 2 If a space IC[R.]{t,r,s)^ is non-zero, then the triplet it,r,s) is admis¬ 
sible. In this case }C[R.]{t,r,s)^ is spanned over K, by the set of all DP^^ for 
admissible quintuples {t,r,s,A,B). 
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Note that in the characteristic zero case Proposition [3] (see below) provides a 
formula for calculation of DP^ ^ , without using functions oi, 02 , 03 , 61 , 62 , ^ 3 - 

Theorem [2] enables us to describe relative invariants (for dehnition see Sec¬ 
tion [ 2 ] 2 ]). 

Corollary 1 All relative invariants in )C[JZ] have admissible weights. The space of 
relative invariants of the admissible weight (p, —q) is spanned over K. by the set of 
allDPff^g for admissible quintuples {t,r,s,A,B) with weight {p,—q). 

Proof. See below the proof of Lemma [71 A 


5.3 Particular Case of /i = /2 = 1 

To illustrate Theorem [2l we consider a simple particular case which contains all 
the main features of the general case. Also, during the hrst reading of the proof of 
Theorem [2] it may be useful to work in this particular case; it is quite easy to rewrite 
the proof for this case, using the following remarks. 

Assume h = h = 1- We set dimVi(l) = n, dimV 2 (l) = m. Then Dehnition 3 
and Construction 2 turn into: 

Definition 3’. (i) A triplet of multidegrees (t, r, s) is called admissible if there are 
p, g G N such that 

t -|- 2r = np, t + 2s = mq. 

(ii) Let {t,r,s) be an admissible triplet and A = (Ai,..., Ap), B = {Bi ,..., Bg), 
respectively, be distributions of the sets [1, t + 2r] and [1, t + 2s], respectively. Then 
the quintuple it,r,s,A,B) is admissible if ffAi = n and ffBj = m for 1 < i < p, 

1 < j < g- 

(hi) See item (iii) from Dehnition 3. 

Construction 2’. See Construction 2. Note that sizes of all blocks of matrices 
[X]k ([7 "]a:5 [Z]k-i respectively) are n x m {n x n, m x m, respectively). 

In this case it is not necessary to assume that a quintuple (t, r, s. A, B) is admis¬ 
sible, hence we could simplify the result by getting rid of the distributions A, B: 

Proposition 1 Let li = (2 = 1. If a triplet it,r,s) is admissible, then }C[R.]{t,r,s)^ 
is spanned over 1C by the set of all 

DP^,y,([X]i,..., [X]„, [F]i,..., [F]„ [Z]i,..., [Z]^), 
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for arbitrary multipartitions 'y t, 6 \- p, \ \- s of heights u, v, w, respectively, and 
arbitrary mappings 


«i : [l,w] ^ 02,% : [1,^^] ^ [1,P], 


bi : [l,u] [l,q], 62,^3 : [l,w^] ^ [l,g], 

which define [X]i, \Y]j, [Z]k (see Construction 2). 

Proof. The proposition follows immediately from Theorem [2] and the proof of 
Lemma[7](see below). Note that it is obvious that matrices [X]j, \Y]j, [Z]k are well 
dehned. A 


6 Proof of Theorem 2 

Lemma 7 For an admissible octuple {t, r, s, A, B, 7 , <5, A) the element is well 

defined and belongs to /C[77](f, r, s)^. 

Proof. The hrst part of the lemma follows by straightforward calculations. 

Given 1 < k < u and an np\apk)\ x ’^Q|bi(A:)| niatrix X, substitute X for the 
only non-zero block in [X\k and denote the resulting {t + 2r) x {t + 2s) matrix by 
In the same manner for 1 < fc < n and an rip\a2{k)\ x np\a3{k)\ matrix Y dehne 
(t-|-2r) X (f-|-2r) matrix [F]^ , and for 1 < A; < ta and a mQ\b2{k)\ x 'n^Q\b3(k)\ matrix 
Z dehne {t + 2s) x {t + 2s) matrix 

For g = (^fi,..., hi,..., hij) € G dehne block-diagonal matrices go, ho of sizes 
{t + 2r) X (f -|- 2r) and {t + 2s) x [t + 2s), respectively, in such a way that the Ath 
block of the matrix go is equal to gp\i\ (1 < i < p) and the j-th block of the matrix 
ho is equal to hg|y {1 < j < q). For variables Xi,..., x„, yi,..., y„, zi,... ,Zw we 
have 

U V w 

g ■ DP,,.( xAXvnf, E »lniJllf’. E 

i=l j=l k=l 

U 

— r,s C^^ ^i\9jJ\i\f^U\i\ hu\iy'\i , 

i=l 

V w 

^k[hw\kY_Zw\k\ 

j=l k=l 
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= ^Pr,s{% ^'^D[Xu\i\]f^ho,go ^'^vAYvijilfigo hoZk[Zw\k\]f^ h) 

i=l j=l k=l 

which by Lemma H] equals 

U V w 

det(c/o) det{ho)-^DPrA'^D[Xu\i\]A\'^yj[Yv\j\]f\'^Zk[Zw\k\]f'^) 

i=l j=l k=l 

and the statement follows. A 


We set 

Mi{t,r,s) = ^tiS^AYiAT ® Y 2 {Y)) (g) 

^f=,s^AYi{f+r ® YiifiY) ® ^tiS^AY2{k'.) ® V2(r)). 

By Lemma [H there is an isomorphism of ^-modules <h : }C[}Z]{t,r,s) —>■ Mi{t,r, s). 
Put 

M2it,r,s,^,6, A) = A^W2(^"))(g) 

®,ti(A'Wi(4)* ® A^Wi(j")*) 0®ti(A"'=V2(fc^) ® A"'=V2(fc")) 
and define a mapping 


C'r,s,\ 





LiCxk ■ ^2(Las, 7,<5, A) ^ Mi(f,r,s). 


Lemma 8 Given multidegrees f, r, s, we have 




"yhi Shr Ahs 


Proof. Word-by-word repeat the proof of Proposition 5.1 from [7j. The only 
difference is that we consider Mi (f, r, s) instead of another tensor product from the 
mentioned Proposition. A 


Lemma 9 Proposition 5.2) Let 7 = (71,... ,7^) E 71 -l- ... + 7u = t, 
and let V be a vector space with a basis Ci,... ,e„. If A 0 ? l^hen t = 

np for some p G N. In this case is spanned over K, by the elements 

Ere5c/5cn5r ®Sn(r) ®JLi AkGrTcirik)), where C = {Ci,...,Cp) is a distribution of 
[ 1 , t], )fCi = n for any I < i < p. 
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Let a quintuple (t, r, s, A, B) be admissible. Given pi G St+ 2 r and p 2 G St+ 2 s put 

= sgn(pip 2 )- 


t 


r 


s 


n 

2 = 1 


T\i\ 

A{pi(i)),B{p2 (*)> 


X 


n<l: 


m 

Pl{t+3))A{pl(t+r+j)) 


i=i 


TT/lfel 

11 ^ B{p 2 {t+k)) ,B{p 2 (t+s+k))' 
k=l 


The following lemma follows immediately by index change in products. 


(4) 


Lemma 10 Let pi G 5t+2r o-^d p 2 G St+ 2 s- Then 

1) pA^^pi ■ (tt X idr X idr),P2) = P2 ■ X ids X ids)) forn G St- 

2) FA^{pi ■ {idt X TT X idr),P 2 ) = ■ (^id^ x idr x 7 r“^),p 2 ) for it G Sr. 

3) F^’'®(pi,P 2 • {idt X vr X ids)) = • {idt x zd* x vr"^)) for vr G 5^. 

Given an admissible quintuple {t,r, s, A, B) and distributions r,A,A, respec¬ 
tively, determined by multipartitions 7 h f, d h r, A h s, respectively, define 

^ ^ F^’^{u-{idtXidrXcr2),T2-{aiXidsXa3)), 

'^1^'Sa/I ^2 criGSr 0-2GS^ 


where H (5r x 5 a x 5 a), £2 = 5b fl (5r x 5 a x 5 a). 


Proposition 2 1. If a triplet (t, r, s) is not admissible, then IC[R]{t,r,s)^ = 0. 

2. If a triplet {t,r,s) is admissible, then }C['R.]{t,r, s)^ is spanned over K. by the 
set {IlAg\ I a quintuple {t,r,s, A, B) is admissible, 7 h f, 5 \- r, A h s}. 

Proof. Rewrite M 2 {t, r,s,'y, 5, A)^ as 


, / o o \ BL{ni) 

5 Li( ® AT''=Vi(fc')*(S) ® )*(g) (8 ) A^'=Vi(A;")*) (g) 

V f)<k<d\ 0<k<d2 0<k<d2 / 

k'=i k'j_=i k[!_=i 




( 8 ) AT''=V 2 (fc") (g ® A^'=V 2 (A;^)g ( 8 ) A^''V 2 (fc"; 

0<k<di 0<k<d3 0<k<d3 

k''=j k'_=j k't_=j 


SL(mj) 


and use Lemmas [ 8 ] and [9l A 


Remark 2 From now on we work over the field Q instead of a field JC. The case 
of positive characteristic is considered at the end of the section (see Remark\^. We 
will use formulas for and with denominators, i.e. 

^^5 =-^ XI XXX F^'^{u-{idtddrW2),r2-{(yidds,(Tti)), 

T2^Sb (TiG<Sr cr2€<SA TsGtSA 


where c = ^({Sa H (5r x 5a x 5a)) #(5b Pi (5r x 5a x 5a)), and similarly for 


A.A. LOPATIN AND A.N. ZUBKOV 


28 


Proposition 3 Assume an octuple {t, r, s, A, B, 7 , 6, A) is admissible. Consider per¬ 
mutations TTi G St+ 2 r, '^2 ^ St+ 2 s such that A = N'^L B = = N{'Ki{i)), 

B{j) = M{7i2{j)) for l<i<t-\-2r,l<j<t-\-2s, where N,M are dis¬ 
tributions determined by the vectors n = (rii,..., rii,..., , n/J G Npi+---+p*i^ 

m = (mi,..., mi,..., ..., m^j) G M^i+'-'+Qia^ respectively. Then 



where is defined by formula 

Proof. Note that the admissibility of the octuple implies (iSp x Sa x Sa) ^ Sa, 


(Sr X iSa X Sa) C Sb- 

Dehne [Xfi = (ffj)^ \Y]k = (g^j) and [Z]k = (h\j). By Lemma [5] and the definition 



r 


s 


For any 1 < i < t, 1 < j < r, and 1 < fc < s we have 



{t+k),T2{t+s+k)' 



V|A|il| 

hN (ti (t+j)), V (ti (t+r+j)) ’ 


if Ti(t + i) G A^a2(A|i|) and 
Tl(t + r+j) G Na^^A\j\) 
otherwise , 


(t+i),Ti h+f+j) 


0 , 



w\m\ 

^ n/f (+\ 


'M{T2{t-\-k)),M{T2{t+s+k)) ’ 


if T2(t + fc) G Mfe2(A|fc|) and 
T2(t + s + A;) G Afb3(A|fc|) 


0 , 


otherwise . 


Since the octuple is admissible, it implies i G Fl 

f + ? G -h) t + r + 7 G A^^Vai -h) 

■J a2(A|j|)’ -J a3(A|j|)’ 


t + G MF'A |. |w f + s + G Mff 


fe 2 (A|fc|)’ 


63(A|fc|)- 
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Therefore 


ni{i) e Na,(r\i\), + j) e Na^(^A\j\), ni{t + r + j) e fVa 3 (A|i|), 

7 r 2 (f) e Mb^(^r\i\), 7 r 2 (t + k) e Mb 2 (A\k\), n 2 (t + s + k) e Mb^^wki)- 
If Ti G SnTIi and T 2 G SmT^ 2 ) then L equals 


t 


r 


s 



X 


T\i\ 

N{Ti{i)),M{T2{i)) 


n R\j\ 

(n it+j)),N{Ti (t+r+j)) 


i=l 


j=i 


TT 5|fc| 

XI ^M{T 2 {t+k)),M{T 2 {t+s+k))^ 
k=l 


otherwise L is equal to zero. Use a substitution ri —tticti, T 2 ti 2 <J 2 in the given 
expression for to conclude the proof. A 


Corollary 2 Suppose an octuple (t, r, s, A, 5, 7 , <5, A) is admissible and'jrnax, dmax, 
^max corresponds to {t, r, s, A, B). Then 

= ±cDP:f’^ . . , 

jmax lOmax I'^max ’ 

where c = #5r #5 a #>Sa G N. 

Lemma 11 Assume a quintuple it,r,s, A, B) is admissible, J t, S \- r, and A h s. 
Then there are 70 h U b D -^0 ^ pi E Sr, P 2 ^ Sa, and ps G Sa such that the 
octuple is admissible, 5ro = ^5^/ fl 5r fl 5^,, 

‘5ao = S^A" n >Sa n and Saq = S^„ fl iSa fl S^,„, where P, A, A, Pq, Aq, Aq are the 
distributions determined &?/ 7, <5, A, 70, respectively. 

Proof. Intersecting the distributions A',P,i?' of the set [l,t]) "we obtain the dis¬ 
tribution Pq^ for some 70 b U Pi G ‘^r. Intersecting the distributions A", A, A'" of 
the set [l,r], we obtain the distribution Aq^ for some ho b r, p 2 ^ ‘5a. Intersecting 

the distributions B", A, B'" of the set [1, s], we obtain the distribution Ag® for some 
-^0 b s, p 3 G Sa- Such elements 70 , ho, Aq, pi, P2, Ps satisfy the required properties. 
A 
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Proposition 4 Assume that a quintuple (t,r, s, A, B) is admissible, 'J t, 6 \- r, 
A h s, and r,A,A are distributions determined by 7, 5, A, respectively. Then the 
semi-invariant is equal to 

E E E 

\(5p/(5pn<s^/ 7r2 sj^iff TTg ^ff\s\/S\r^sQiff 

where 70 t, ^0 ^ L, Aq h s, Aq = , Bq = , and pi G St, 

p 2 G Sr, ps G Ss depend on tti, 7r2 , tts, t, r, s, A, 5,7, 5, A. Moreover, the octuple 
it,r, s, AP^^P^^'^^P^, B'^^P^^P^^'^^P^,'yo, 60 , Xq) is admissible. 

Proof. Since 5r C St, Sj\ C Sn and Sx C Ss we can use Lemma [10] throughout 
the proof. Denote 


Cl = #((5r X 5a X 5a) n 5^) #((5r x 5a x 5a) n 5 b) 


= #(5rn5A0 ■ #(5An5A») ■ #(5An5A'") ■ #(5rn5B/) ■ #(5An5B//) ■ #(5An5B///). 
For 1 < i < 3 substitute a~^ for at in the dehnition of to get 

= ~ ^ F'^^^{P-{idtXidry<(Tf^),T2-{(Tf^XidsXaf^)). 

^ 'rie5A,T2£5s CTie5p cr2e<SA CT3g5A 

Dehne Ad 1 = 5r/5r 015^', Ad 2 = 5a/5a H 5a"' , Ada = 5 a/5a n 5 b'" , 

El = 5r n Sb' , E 2 = 5a H 5a''', E 3 = 5a n Sb'" ■ 


Then 


= — ^ ^ ^F^’'®(ri ■ (idi X idp x ^<^2 ^); '^2 

cTiGA^i UiG/^i '7"i G(Sa 
1<2<3 l<i<3 T2GSb 


{i>i ^ X ids X ^3 V 3 ^)) 


which is equal to 


1 


C2 



^AB(^1 . X (72 X zd^), r2 ■ {idt x as x ids)), 


o-ieAii,l<i<3 tiGSa,t2€Sb 


where C2 = #(5r H 5 a') #(5a H 5a») #(5a fl 5 b//), after we substituted ri ■ {idt x 
idr X uf^) —>• Ti and T 2 ■ {vf^ x ids x uf^) —> r2. Dehne 


A^i = 5r n 5A/\5r/5r n 5 b7 
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k ,2 = i5a n n SA"'^ /C 3 = iSa n Sb"\S\/S\ n Sb"', 

Ti = Sa' n Sy-/Sa' n iSp n 

T 2 = Sa" n S/\/Sa" n iSa n T 3 = Sb" f~] Sa/Sb" n Sa n s^m. 

Lemma [ 3 ] implies A4.i = 17r“^ G /Ci, G %} for 1 < i < 3. Thus equals 


— ^ ^ ^ ■ (l/iTT^ ^ X Z/27r2 ^ X idr),T2 ' {itf X I/sTTg ^ X ids)). 

C 2 


7r“^e/C,' I'ieT nG<SA 
l<i<3 t2&Sb 


Substitute ti for ti ■ (z/i x z /2 x idr) and T 2 for T 2 ■ {idt x 1/3 x idg) and define 

C 3 = n 5r n 5^1) ■ n 5a n 5^L) ■ #(5s. n 5 a n SIL). 


Then 


tjAB _ 
-^ 7 ,5,A “ 


E E 

t" ^ e/Ci, 1 <i <3 Ti, t 2 G<Sb 


{idt X idr X 7r2), r 2 • (vti x idg x 7r3)) 




C 3 




E 


{{idt X idr X 7l2)-Ti, (vTi X ids X 713 ) ■T 2 ). 




Applying Lemma fTTl to an admissible quintuple r, A -^e 

obtain 70 h t, 1“ D -^0 b s, pi G 5r, P 2 ^ 5a and ps G 5a such that the octuple 

is admissible, 5ro = 5^1 n 5r fl 5^1'’^ 
5 ao = 5^b n 5a n 5^?r and 5 ao = S^„ n 5a fi 5^?,^L If we set p/ = pi x p 2 x P 2 , 

Pii = Pi X p 3 X p 3 , TT/ = idt X idr X 712, and tt// = tti x idg x 713 , then 


-^7,5,A “ 


E E 


"'^e/Ci,iGi,3 nG<sT^^n2 


F^’^{7liPiTi,7liiPiiT2). 




By Lemma [H there are permutations pi G 5^^^^ and 72 ^ 5^^^^^^ that satisfy the 
conditions A{7rjpj{i)) = A"^^^ {pi{i)), B{7rjjpjj{j)) = 5’^'f^^"(p2(j)) for 1 < i < 
t + 2r, 1 < j < t + 2s. Hence 


t 

F^'^{ 7 rjpjTi, 7111P11T2) = Sgn(vri 7 r 27 r 3 rir 2 ) 
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r 


s 


n R\j\ 

Va^ipi {riiTi{t+j)),A'^iPi (r;iTi(i+r+j)) 


TT 5|fc| 

X X {'n2T2 (t+k)),B^llPll {r) 2 T 2 (t+s+k ))' 


i=i 


k=l 


Finally, substitute ri for and T 2 for rj 2 T 2 . Using Proposition [3] and the equality 
C 3 = #5ro #5 ao #‘5ao we derive the required assertion. A 


Corollary [ 2 ] and PropositionlUshow that for any admissible quintuple (t, r, s, Aq, i?o) 
the element belongs to the span over Z of the set 

I a quintuple {t,r,s, A, B) is admissible}. 

Remark 3 Using Lemma 0 together with reasoning from the proof of Remark [I] 
it is easy to see that the last statement remains valid over a field K. of positive 
characteristic. 


Proposition [2] concludes the proof of Theorem [2l 


7 An example 

We will apply Theorem [2] to the following example. 

Let Q be a zigzag-quiver with /i = 0, ^2 = 1, '^ = 2 (see Section [5]). For short, 
we write d for d^. Depict Q schematically as 

le • • {ley 


The space of mixed representations is 7^ = where, as usual, is the 

space of all 2 X 2 matrices over 1C. The group Q = SL{2) acts on the coordinate ring 
IC[JZ] = IC[z^j 11 < h J < 2, 1 < fc < d] by the formula: g ■ = g^Z^g, g E Q. Note 

that IZ corresponds to d-tuple of bilinear forms on /C^ (see Section [T] for details). 
Invariants of pairs of bilinear forms were investigated in pQ. 

Consider the action of GL{2) on }C[IZ] hy g ■ Zk = g~^Zkg, g G GL{2). Let 


J 


0 1 

-1 0 


Dehne an automorphism of algebras ^ : }C[JZ] ^ )C[JZ] such that is equal to 

the (i, j)-th entry of ZkJ. 
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Proposition 5 The restriction of ^ to GL{2)-invariants is an isomorphism of al¬ 
gebras 

/c[7^]^^(2) ^ic[nf. 

Proof. The algebra jg known to be generated by det{Zk), tr(Zfc^... Zk^), 

where 1 < k, ki,..., kr < d (see 0)- Denote by A{d) the /C-algebra generated by 
det(ZA;), tr(Zfc^ J... Zk^J). We have to prove 1C\JZ]^ = A{d). 

Note that for g E Q we have gJg"’" = J and 


g • • Zf^ 2 J ■ • • • ■ 


= ti{g'^Zk^gJ ■ g^Zk^gJ ■ • • • ■ g'^Zk.gJ) = U{Zk^J ■ Zk^J ■ ■■■■ Zk,J). 

This proves the inclusion A{d) C IC[}Z]^. 

Theorem [2] implies that }C[}Z]^ is generated by DPq’^^, where B = {Bi ,..., Bq), 
s = (si ,... ,Sd), and a quintuple (0, 0, s, 0, B) is admissible. So g = s = si + ... + 
Our goal is to show that DPq’q ^ is a polynomial with integer coefficients in the above 
mentioned generators of A{d). Obviously, without loss of generality we can assume 
/C = Q. 

Let Xmax h s be the partition given in part (iii) of Dehnition 3, and let S', A^ax 
be the distributions determined by s, Xmax, respectively. Since Amax = B" 0 B'" 0 S', 
the following formula holds: 

d 

#SA„ = n n #0 6|l.s] : B|!|=i. B|i + s|=i. S|i| = fc}!. 

k=l 

We denote the right hand side of the above equality by c{B,s). 

For an arbitrary s G and a distribution B = [Bi,..., Bg) of [1,2s] with 
^Bi = ... = ifBg = 2 dehne 



E n=s“(^)4(i(0),B(A(.+i))- 

^ reSs l=l 


By Proposition [31 we have DPg = ±Pf for the admissible quintuple (0, 0, s, 0, B). 

A distribution B is called decomposable, if there is a proper subset Q of [1, s] 
such that for 1 < / < s we have i?|/|, B\s + /| G Q, or B\l\, B\s + l\ ^ Q. II B 
is decomposable, then there are s^, Br and a mapping xjjr : [l,d] —> [l,d] (where r 
is 1 or 2) that satisfy Pf = '0i(Pf^^)'02(P^^)- Here the homomorphism of algebras 
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V'r : IC[JZ] —> JC[IZ] is given by substitution Therefore without loss 

of generality we can assume that B is indecomposable. 

The indecomposability of B implies that c{B,s) is 1 or 2. Moreover, c{B,s) = 2 
if and only if s = 2, B = ({1, 2}, {3,4}), and in that case Pf = det(Zi). Therefore 
we can assume c{B,s) = 1. 

If s = 1, then B = ({1, 2}) and Pf = = —tr(Zi J). Hence we can assume 

s > 1. Let D be a distribution of [1, 2s] defined by: Di = {1, 2s}, Di = {l,s + l — 1}, 
where 2 < / < s — 1, = {-s, 2s — 1}. Then 



sgn(ri... 

Tl,...,Ta£S2 


SPI 

^rs(l),Ti(2)- 


For f3 
: /C[7^] 


= (/3i ,..., (3d) with (3k equals 1 or 2, define homomorphism of /C-algebras 
^ /C[7^] by 


M4) 


4’ if /^fc = 1 

4’ if = 2. 


It is not difficult to see that there is a. (3 and a mapping -0 : [1, d] —>• [1, d] such that 

pf = ±?(fe(pf))- 

For 1 < k < d define Uk = ZkJ and denote by the entries of Uk- Hence 
where ^ = (12) G ^2 is a transposition. We obtain 


tr(f^s|i| • • • 


E 


S|l| S|2( 
?/■ • ?/■ ■ 
1112 * 2*3 


. U. 


*s*l ■ 


l<*l,...,*s<2 


For 1 < / < s define a permutation ti on {1,2} by r/(l) = b- Thus ti{2) = ^{ii) and 
sgn(ri) = —(—l)*h This implies 

tr(f/s|i|...f/s|.|) = (-l)‘Pf, 

Summarizing, for an indecomposable distribution B we have shown that Pf = 
±tr(14j J... Vk^J), where 14 is Zk or Z'[. The formulas 

tr(iLf JM 2 ) = tr(FfiJM 2 ) - tr(Lfi J)tr(Lf 2 ), tr(i/f J) = -tr(i7iJ), 


valid for 2x2 matrices Hi, H 2 , conclude the proof. A 


Remark 4 Proposition\^ can not he proven by elementary methods, because for all 
g,h E SL{2) the inequality g~^ZiJg ^ Zih holds. Moreover, if g,h E SL{2) and 
B C consists of elements H that satisfy g~^HJg = L^Hh, then the dimension 
of the closure of B in Zariski topology is strictly less than 4. 
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